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Abstract 
The Wiener number of a molecular graph, or more generally of a connected graph, is equal 
to the sum of distances between all pairs of its vertices. A graph formed by a hexagon in the 
centre, surrounded by n rings of hexagonal cells, is called an n-hexagonal net. It is shown that 
the Wiener number of an n-hexagonal net equals i( 164n5 - 30n3 + n). 
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1. Introduction 
An important topological index of a molecular graph, or more generally of a con- 
nected graph, is called the Wiener number E”. This number is equal to the sum of 
distances between all unordered pairs of vertices of the graph. In a series of papers, 
American physicochemist Wiener [ 13- 171, after whom this index was named, put for- 
ward the concept of this index regarding molecular distances and reported the existence 
of correlations between this index and numerous physicochemical properties of alkanes. 
Stiel and Thodos [12] continued Wiener’s work and related the Wiener number to the 
critical constants of alkanes. Gutman et al. [7] made a detailed survey of more recent 
results of the Wiener number, particularly on the correlation of W with physicochemical 
properties of nonpolar organic substances. 
Gutman et al. [7] also mentioned that despite numerous results obtained in the theory 
of the Wiener number, some basic problems still remain open (see [8- 111). For exam- 
ple, no recursive method is known for the calculation of W of a general (molecular) 
graph, especially of polycyclic graphs. Such a method would be particularly useful in 
chemical applications, where most molecular graphs are polycyclic. In this paper, we 
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Fig. 1. 3-hexagonal net (circumcoronene). 
design a method to find the expression for W(H,,), where H,, is an n-hexagonal net, 
which is a hexagonal system consisting of one central hexagon and is surrounded by 
n - 1 layers of hexagonal cells when n 3 2 (see Fig 1). Note that H,, is a molecular 
graph, corresponding to benzene (n = l), coronene (n = 2), circumcoronene (n = 3), 
circum-circumcoronene (n = 4), etc. H,, was much examined in the theory of benzenoid 
hydrocarbons (see, for instance, [l, 5, 61). In Section 2, we derive some preliminary 
results. In Section 3, we obtain the Wiener number for n-hexagonal nets. 
The notation and terminology for graph theory used in this paper are referred to 
[2, 181. 
Definition 1.1. Let G = (V,E) be a graph. For u, w E V let p(u,w) be the distance 
between v and w. The Wiener number of G is defined as the sum of the distances of 
all unordered pairs of vertices of G or, equivalently, as W(G) = i Cv,wE,, p(v, w). 
2. Distance between two vertices of the wall 
Let G = (V,E) be an infinite graph where V = Z x Z and {(x1, yl ),(x2, y2)} E E if 
(1)~l=~2andI~1-~21=I,or,(2)~1=~2,Iy~-y2I=landx~+y~+x2+y2~ 
1 (mod4) (see below). For convenience, we call this graph the brick wall (for short 
the wall) (see Fig. 2). 
Remark. Condition (2) is equivalent to (2’) {(x, yl),(x, y2)} E E if y, + 1 = y2 and 
x + yi is even. 
It is clear that a hexagonal net is isomorphic to a finite connected subgraph of the 
wall. Thus, for finding the distance of two vertices of the hexagonal net it suffices to 
find the distance of two vertices of the wall. 
Given two distinct vertices (a, b) and (c, d) of the wall we want to determine the 
distance of them. By reasons of symmetry we may assume a ,< c and b < d. In the 
following we keep this assumption. 
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Fig. 2. Brick wall. 
Lemma 2.1. Let (a, b) and (c, d) be two distinct vertices of the wall. If c -a 6 d - b 
then there is an ((a, b),(c,d))-path P whose length is 
( 
2(d - 6) ifc+d =a+b(mod2), 
2(d - b) + 1 ifc+drO,a+b= l(mod2), 
2(d-b)-1 ifc+d=l,a+brO(mod2). 
Moreover, P lies in the rectangle spanned by (a,b) and (c,d). For details, if (x, y) 
is a vertex of P then Ix - yl d Ia - bl + 1 if y d b - a + c, and Ix - c( 6 1 if 
y>b-a+c. 
Proof. 
Case 1: Suppose c + d and a + b are even. Then 
is an ((a, b), (c, b + c - a))-path with length 2(c - a). When c - a < d - b then 
(c,b+c-a)(c,b+c-a+l)(c- l,b+c-a+ l)(c- l,b+c-a+2) 
(c,b+c-a+2),..(c- l,d- l)(c- l,d)(c,d) 
is a ((c,b + c - u),(c,d))-path with length 2{(d - b) - (c - a)}. Thus, there is an 
((a, b), (c, d))-path with length 2(d - b). 
Case 2: Suppose c + d is even and a + b is odd. Then c - (a + 1) < d - 6. By 
Case 1 there is an ((a + 1, b),(c,d))-path with length 2(d - b). Thus, there is an 
((a, b),(c,d))-path with length 2(d - b) + 1. 
In a similar way we deal with the remaining two cases. 0 
Lemma 2.2. Let (a, b) and (c, d) be two distinct vertices of the wall. If c -a b d - b 
then there is an ((a, b), (c,d))-path P with length d - b + c - a. Moreover, P lies in 
the rectangle spanned by (a, b) and (c, d). For details, if (x, y) is a vertex of P then 
(x - yJ < la - bl + 1 .f 1 x<d-b+a,andy=difx>d-b+a. 
Proof. 
Case 1: Suppose a + b is odd. Then 
(a,b)(a+l,b)(a+l,b+l)...(a+d-b,d-l)(a+d-b,d) 
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is an ((a, b), (a + d - b,d))-path with length 2(d - b). When c - a > d - b then 
(a+d-b,d)(a+d-b+l,d)...(c,d) 
is an ((a + d - b,d), (c,d))-path with length (c - a) - (d - b). Thus, there is an 
((a, b), (c, d))-path with length d - b -t c - a. 
Case 2: Suppose a + b is even. Then c - a > d - (b + 1). By Case 1 there is an 
((a, b+ l),(c,d))-path with length d-(b+l)+c-a. Thus there is an ((a, b),(c,d))-path 
with length d - b + c - a. q 
It is easy to get the following lemma. 
Lemma 2.3. Let (a, b) and (x, b + 1) be vertices of the wall with x B a. Then the 
distance of them is 
1 ifx=u undu+b is even, 
3 ifx=u undui-b is odd, 
1+x-u ifx > a. 
Theorem 2.4. Let (a, b) and (c,d) be two distinct vertices of the wall. The path PO 
obtained from Lemmas 2.1 and 2.2 is a shortest path between (a, b) and (c,d). 
Proof. We process by mathematical induction on d-b. If d - b = 0 then the assertion 
is obviously true. Suppose that the assertion holds for d - b < n. Now let d - b = n. 
Let P be a shortest path between (a, b) and (c,d). By reasons of symmetry we may 
assume that P lies in the rectangle spanned by (a, b) and (c,d). There is a vertex 
(x, b + 1) in P. Then the ((a, b), (x, b + 1 ))-section, say Q, of P is a shortest path 
between (a, b) and (x, b + 1). Also the ((x, b + l),(c,d))-section, say R, of P is a 
shortest path between (x, b + 1) and (c, d). By the induction assumption and Lemma 
2.3 the lengths of Q and R are 
{ 
1 ifx=u,u+bEO(mod2), 
&Q> = 3 ifx=u,a+b- l(mod2), 
1+x-a ifx > a 
and 
2(d - b) - 2, 
ifc-xdd-b-l andc+d=x+b+l(mod2), 
I 
2(d - b) - 1, 
Z(R) = 
ifc-x<d-b-l,c+d=Oandx+brO(mod2), 
2(d - b) - 3, 
ifc-xdd-b-l,c+d=l andx+b=l(mod2), 
c-x+d-b-l, 
ifc-x>d-b-l. 
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2(d - b) + 1 ifc+drO,a+b_l(mod2), 
I(‘) = 
2(d - b) - 1 ifc+drl,a+b=O(mod2), 
2(d _ b) ifc+drO,a+brO(mod2), 
2(d - b) if c+d E l,a+br l(mod2). 
Hence 1(P) 3 I(Po). 
If c - a > d - b - 1 then c - a B d - b and clearly Z(P) > KPO ). 
Case 2: Suppose x > a. If c - x >, d - b - 1 then c - a 2 d - b and 
Z(P)=c-x+d-b-1+1+x-a=c-a+d-b=Z(Po). 
If c - x < d - b - 1 then 
( 
2(d - b) + (x - a) - 1 if c+d sx+b+ l(mod2), 
Z(P) = 2(d - b) + (x - a) ifc+d=O,x+b=O(mod2), 
2(d - b) + (x - a) - 2 if c+d = l,x+b= l(mod2). 
Since c-x < d-b-l, c-a fd-b+x-a-2 andc-a+d-b <2(d-b)+x-a-2 
< Z(P). Therefore if c - a 2 d - b then Z(P0) < Z(P). Suppose c - a < d - 6. If x E 
a (mod 2) then 
2(d - b) + 1 if c+d ra+b+ l(mod2) 
Z(P) 3 
{ 
2(d - b) + 2 ifc+dzO,a+bzO(mod2) 
1 
> &PO). 
2(d - 6) ifc+drl,a+b_l(mod2) 
If x $ a (mod 2) then 
( 
2(d - b) if c+d =a+b(mod2) 
Z(P) 3 2(d - b) + 1 ifc+d=O,a+bzl(mod2) 
1 
= Z(P0). 
2(d - b) - 1 ifc+d=l,a+b=O(mod2) 
Combining the two cases above we conclude that PO is also a shortest path between 
(a,b) and (c,d). 0 
Therefore, in general, if we assume d >, b then the distance between (a, b) and (c, d) 
is 
/ 
p((a,b),(c,d)) = { 
\ 
2(d - b), 
if Ic - a( d (d -b) and c 
2(d - b) + 1, 
if Ic - a( 6 (d - b),c + d 
and a + b z 1 (mod2), 
2(d - b) - 1, 
if Ic - a[ d (d - b),c + d 
anda+b=O(mod2), 
(d - b) + (c - al, 
if \c - a( > (d - b). 
+d Ea+b(mod2), 
= -0 
(1) 
ZZ - I 
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- x=n-0.5 
Fig. 3 
3. Wiener numbers of hexagonal nets 
Let H,, be the n-hexagonal net. Let B, = {v E V(H,) 1 v lies on the boundary of H,}. 
Let T,(u) be the total of the distances from vertex v to all vertices of H,,, i.e., T,(v) = 
CweVCH,,) ~(0, w). Let G(u) = CwEB,, p (v,w). Then it is easy to see that the Wiener 
number W,, = W(H,,) of H,, satisfies the following equation: 
w, = w,-1 + c T,(u) - ; c WV). (2) 
G&, S&Z 
Now let us compute T,(v) for u E B,. We identify H,, with its image in the wall. By 
reasons of symmetry it suffices to compute T,,(a,O), 0 < a < n. We separate H, into 
regions Rj, 1 < j < 7, as indicated in Fig. 3 and compute the total of the distances 
from (a,O) to each vertex in each region. 
Let Sj = ~(x,yjER, p((a,O), (x, v)), 1 d j < 7. Firstly we consider a = 2k < n. By 
Eq. (1) we have 
n-1 2k-y 
S1 =c x(2k-x+y)=n(2k+l)(n+k-I), 
y=o x=-y 
n-l 2n+y 
s2=c c (x-2k+y)=n(2n-2k+1)(2n-k-l), 
y=O x=2k+y 
n+k- I y+2k- 1 n+k-1 
s3 = c c ,dG%O),(x>y)) = c {~YPY - 1) - v> 
y=l x=2k-yfl y=l 
= #z+k- l)(n+k)(8n+8k- 13), 
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n+k-I - v+Zk 
s4= c 2 (2k-x+y)= ;k(k+1)(12n+8k-5), 
y=n x= v-2n+ I 
2n-k-14n-l-y 
S, = c c (x-2k+y)= &k)(n-k+1)(20n-8k-5), 
,v=n x=y+Zk 
Zn+k- I y+Zk- I Znik- I 
s6 = c c p((250),(& y>) = c {2y(2k + 2n - 1) - (k + n)} 
y=n+k xv-2n+l y=n+k 
=(n-2k)(6n2+6nk-6n-3k+l), 
2n-1 4n-l-v 2n-1 
S7 = c c- P(W,O),(X,Y)) = c {2~(6n - 2~ - 1) - (3n - Y>> 
y=Zn-kx=y-2n+l y=2n-k 
= ;k(48n2 + 12nk - Sk2 - 18n - 9k - 1). 
Summing up the above results we have T,,(2k,O) = !$n’ - 6n2k + 6nk2 - 6n2 - 2nk + 
2k2 + in. 
Secondly we consider a = 2k + 1 < n: 
n--l Zk+l-)- 
Sl =c c (2k+l-x+y)=n(k+1)(2n+2k-l), 
y=o x=--) 
n-l 2ntL‘ 
&=c c (x-2k-l+y)=n(n-k)(4n-2k-3), 
1,=0 x=Zk+ I fy 
n+k y+Zk n+k 
s3 = c c p((2k + l,O), (x3 Y)) = C{2Y(2Y - 1) + y> 
y=l s=2k-y+Z v=I 
= i(n + k)(n + k + 1)(8n + 8k + l), 
n+k --y+Zk+l 
S4 = c c (2k + 1 -x + y) = i(k + l)( 12nk + Sk2 + 12n + 7k), 
,v=nx=y-2n+l 
Zn-k-l 4n-1--) 
S, = c c (x-2k - 1 +y) 
l.,=n x=y+Zk+l 
= i(n - k)(20n2 - 28nk + 8k2 - 9n + 9k + l), 
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2n-k- I y+2k 
s6 = c c /$c2k + 1,0),(x> r>> 
y=n+k+! x=y-2ntl 
2n+k- I 
= c {2Y(2k + 2n) + (k + n)} 
y=n+k+l 
=(6n+l)(n+k)(6n-2/k-l), 
2n-1 4n-1-y 
s7 = c c p(Pk+ LO)~kY)) 
y=2n-kx=y-2n+l 
2n-1 
= c {2y(6n-2y- 1)+(3n-y- 1)) 
y=2n-k 
= $(48n2 + 12nk - 8k2 - 6n - 3k - 1). 
Summing up the above results we have T,,(2k + 1,O) = yn3 - 6n2k + 6nk2 - 6n2 + 
6nk + in. 
Note that by reasons of symmetry we can see that T,(a,O) = T&n - a,O> for 
0 < a < 2n. 
Thus, if n = 2m + 1 then 
2n-I 
~T,(v)=6~T,(a,0)=6 ~T,(2k,O)+~T,z(2k+l,O) 
GE,, a=1 ( k=l k=O ) 
=6 
( 
m-l 
25T,(Zk,0)+2xT,(2k+ l,O)+T,++ 1,O) 
k=l k=O 
= 2(2m + 1)2(328m2 + 184m+ 27). 
Similarly, if n = 2m then 
m-l 
T,(2k, 0) + 2 c T,(2k + 1,O) + T,(2m, 0) 
k=O 
= 8m2(328m2 - 144m + 17). 
Let us compute the U,,(a, 0), 0 < a d n. We separate B, into regions R(i, 1 6 j d 5, 
as indicated in Fig. 4 and compute the total of the distances from (a,O) to each vertex 
in each region. 
Let s: = C(x,y)ER; P((% 01, (x, Y>). 
s; = &2k - x) + 2 -5’(2k -x+y)=2n2+4nk+2k2-3n-3k+l, 
If a = 2k 3 2 then 
x=0 y=l x=-y 
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Fg. 4. 
2n n-l 2n+y 
s; = c (x - 2k) +x c (x -2k + v) 
x=2kt 1 y=I x=2n+y- I 
=8n2-8nk+2k2-6n+3k+l, 
n+!x- I I’-2ni2 
s; = c c (2k-x+y)=k(4n+4k-3), 
1’=n x=y--2n+1 
2,,-k-l 4n-1-v 
,y; = c c (x - 2k + y) = (n - k)@n - 4k - 3), 
= 14n2 + 4nk - 4k2 - 20n + 7. 
Hence, we have U,,(2k,O) = 32n2 - 8nk + 8k2 - 32n + 9. 
If a = 2k + 1 ‘2 1 then 
2k n-l -y+l 
$=~(2k+l-x)+~ x(2k+l-x+y)=2n2+4nk+2k2-n-k 
x=0 y=l x=-_l 
2n+j 
s;= -f&Zk-l)+z c (x-2k-lfy) 
x=2k+l y=l x=2n+y- 1 
= 8n2 - 8nk + 2k2 - 10n + 5k + 3, 
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n+k-1 y-2n+2 
s; =p((2k+ l,O),(-n+k+ l,n+k))+ c c (2kf 1 -x+.Y) 
ntk-1 y--Z&2 
y=n x=y-2n+l 
=2(n+k)+ c ‘c (2k$l-x+.Y) 
y=n x=y-2n+l 
= 4nk + 4k2 + 2n + k, 
2n-k-2 4n-1-y 
$=p((2k+1,0),(2n+k,2n-k-l))+ c c (x-2k-l+y) 
2n-k-2 4n--I-y 
.“=ll x=4+2-y 
=2(2n-k-l)+ c c (x-2k-1$-J’) 
y=n x=4n-2-y 
=8n2-12nk+4k2-9n+7k+3, 
$ =p((2k+l,O),(-n+k+2,n+k))+ (y~~+C4y+ll) 
+p((2k+1,0),(2n+k-1,2n-k-1)) 
+ (?g>4y+I)) +2(2n- 1)(2n-3)+(n-2) 
=2+(;-“’ (y:f:4y+l)) +2(2n-k-l)+1 
2n-1 
c 
(4y-t 1) +8n2 - 15n+4 
y=2n-k 
= 14n2 + 4nk - 4k2 - 14n - 4k + 3. 
Hence, we have U,(2k + 1,0) = 32n2 - 8nk + 8k2 - 32n + 8k + 9. 
Similar to the calculation of CUEB,, T,(v) we get that if n = 2m + 1 then 
c WV) = 2944m3 + 2208m2 + 584m + 54 
G&P 
and if n = 2m then 
c K(v) = 2944m3 - 2208m2 + 584m - 54. 
UEB,, 
Substituting the above results into Eq. (2) we have 
w, = w,_, + 164n4 - 328n3 + 310n’ - 146n + 27 
for n > 2. 
(3) 
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Solving the difference equation (3) with initial value WI = 27 by standard methods 
(see, for instance, [3, 41) we obtain the following theorem: 
Theorem 3.1. The Wiener number of the n-hexagonal net is i( 164n5 - 30n3 + n) jbr 
n >, 1. 
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